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Abstract
We study generalized complex structures on K3 surfaces, in the sense of Hitchin.
For each real parameter t ∈ (1,∞) we exhibit two families of generalized K3 surfaces,
(M, Iζ) and (M,Jζ), parametrized by ζ ∈ P
1, which are Mukai dual for ζ = 0 and
∞, and mirror partners for ζ 6= 0 and ∞. Moreover, the Fourier-Mukai equivalence
Db(M, I0) → D
b(M,J0) induces an isomorphism φT between the spaces of first order
deformations of (M, I0) and (M,J0) as generalized complex manifolds, and the defor-
mations (M, Iζ) and (M,Jζ) agree under φT , up to a B-field correction which vanishes
in the limit t→∞.
1 Introduction
The results in this article were motivated by a desire to connect, in a concrete manner,
Fourier-Mukai transforms and mirror symmetry. Now a Fourier-Mukai transform is an
equivalence between the derived categories of two complex manifolds, whereas mirror sym-
metry relates complex and symplectic manifolds. Generalized complex geometry, introduced
by Hitchin [13], provides the framework for unifying complex and symplectic geometry; we
can treat both complex and symplectic manifolds as examples of generalized complex man-
ifolds. Moreover, it is possible to deform a complex manifold to a symplectic manifold in
the category of generalized complex manifolds. In this article we start with a pair of Mukai
dual (complex) K3 surfaces X and Y and deform them as generalized complex surfaces so
that one remains complex while the other becomes a symplectic K3 surface. The resulting
pair will be mirror partners.
The deformations of X and Y must be carefully chosen, and here we follow Toda [28].
First order deformations of the category Coh(X) of coherent sheaves on a complex mani-
fold X are parametrized by the degree two Hochschild cohomology HH2(X). This can be
identified, via the HKR isomorphism, with
HT 2(X) := H2(X,OX)⊕H
1(X,T )⊕H0(X,∧2T ).
Toda gave an explicit construction of the first order deformation of Coh(X) corresponding
to an element u ∈ HT 2(X). Now a Fourier-Mukai transform
Φ : Db(X)→ Db(Y )
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induces an isomorphism
φT : HT
2(X)→ HT 2(Y ).
Thus for every deformation of Coh(X), given by u ∈ HT 2(X), there is a corresponding
deformation of Coh(Y ), given by v := φT (u) ∈ HT
2(Y ). Toda showed that the Fourier-
Mukai transform Φ extends to an equivalence between the derived categories of these first
order deformations.
Gualtieri [12] showed that HT 2(X) is also the space parametrizing first order deforma-
tions of the complex manifold X as a generalized complex manifold. Our goal was to find a
deformation of X as a complex manifold, i.e., with
u ∈ H1(X,T ) ⊂ HT 2(X),
such that the corresponding deformation v ∈ HT 2(Y ) takes Y to a symplectic K3 surface.
In this article, we achieve our goal in the limit. To be specific, we carefully choose the Mukai
dual K3 surfaces X and Y so that for each real parameter t ∈ (1,∞) there is a deformation
ut ∈ H
1(X,T ) of X and a deformation vt ∈ HT
2(Y ) taking Y to a symplectic manifold,
such that vt agrees with φT (ut) up to a B-field correction. Moreover, the B-field correction
vanishes as t→∞. The K3 surfaces are elliptic, and as one might expect, the limit t→∞
is the large complex structure limit where the fibres collapse.
Although Toda’s results, the deformations of categories and Fourier-Mukai transforms,
only apply to first order deformations, we are able to ‘integrate’ our first order deformations
ut and vt to produce genuine families of generalized K3 surfaces parametrized by ζ ∈ P
1.
The deformation (M, Iζ) ofX is a complex K3 surface, while for ζ 6= 0 or∞, the deformation
(M,Jζ) of Y is a (B-field transform of a) symplectic K3 surface. We show that (M, Iζ) and
(M,Jζ) are mirror partners, in the differential geometric sense of Gross [10]. This statement
is true for all values of the parameter t ∈ (1,∞), not just in the limit.
One expects that (M, Iζ) and (M,Jζ) should be further related by Kontsevich’s Homo-
logical Mirror Symmetry [22]. Indeed, the required equivalence of categories should arise
from a deformation of the original Fourier-Mukai transform
Φ : Db(X)→ Db(Y ).
However, a priori Toda’s results only produce first order deformations, and the theory must
be further developed before we can deal with global deformations.
The author would like to thank Andrei Ca˘lda˘raru, Marco Gaultieri, Mark Gross, and
Emanuele Macr`ı for helpful explanations of their work.
2 Statement of results
The purpose of this article is to prove the following.
Theorem 1 Let X be an elliptic K3 surface which admits a section but is otherwise generic,
let Y be the Jacobian (i.e., dual elliptic fibration) of X, and let
Φ : Db(X)→ Db(Y )
be the Fourier-Mukai transform between the derived categories of X and Y induced by the
relative Poincare´ line bundle. For each real parameter t ∈ (1,∞) there exists two families
of generalized K3 surfaces, (M, Iζ) and (M,Jζ), parametrized by ζ ∈ P
1 = C ∪ {∞}, with
the following properties:
31. Iζ is a complex structure for all ζ, with X = (M, I0) and X = (M, I∞),
2. Jζ is a complex structure for ζ = 0 and ∞, with Y = (M,J0) and Y = (M,J∞), a
symplectic structure for |ζ| = 1, and a B-field transform of a symplectic structure for
all other values of ζ,
3. to first order in ζ, the deformation (M, Iζ) of X corresponds to the deformation
(M,Jζ) of Y under the isomorphism
φT : HT
2(X)→ HT 2(Y )
introduced by Toda [28], up to a B-field correction which vanishes in the limit t→∞,
4. (M, Iζ) and (M,Jζ) are mirror K3 surfaces for ζ 6= 0 and ∞, in the sense of
Gross [10].
We start in Section 3 by describing the Fourier-Mukai transform Φ and the induced isomor-
phisms of the Hochschild structures. The two families will be constructed in Sections 4.2
and 4.3, respectively, and (1) and (2) of the theorem will then be immediate. Parts (3)
and (4) will be clarified and proved in Sections 5.2 and 6.1, respectively. We consider the
limiting behaviour as the real parameter t→ 1+ and t→∞ in Section 5.3.
3 Fourier-Mukai transforms
3.1 Mukai dual elliptic K3 surfaces
Let X be an elliptic K3 surface. Furthermore, assume that X → P1 has a global section
and that it is generic in the sense that there are 24 nodal rational curves as singular fibres.
Let CX and FX denote the section and a generic fibre of X → P
1; then C2 = −2, F 2 = 0,
and C.F = 1 (we will drop the subscripts when the notation is unambiguous).
Let Y be the Jacobian of X , i.e., the dual elliptic fibration. Because X → P1 has only
nodal rational curves as singular fibres, Y → P1 will be a smooth K3 surface. In fact,
because X → P1 admits a global section, Y will be isomorphic to X as an elliptic fibration;
nevertheless, we will continue to distinguish Y from X .
Since Y parametrizes rank-one torsion-free sheaves on the fibres of X → P1, there is a
relative Poincare´ line bundle P on the fibre productX×P1Y (more accurately, P is a sheaf, as
it may not be locally free at the nodes of the singular fibres). As a universal sheaf P is defined
only up to tensoring with a line bundle pulled back from Y ; the standard normalization
requires both P|CX×P1Y and P|X×P1CY to be trivial. We will use a different normalization,
defining L := P ⊗ π∗
P1
O(1) where πP1 denotes the projection from X ×P1 Y to P
1 (cf.
the functor T of Bartocci et al. [2]). This will produce a more symmetric cohomological
Fourier-Mukai transform in Lemma 5.
We can use L to construct a functor
Φ : Db(X) → Db(Y )
E• 7→ RπY ∗(L
L
⊗ π∗XE
•)
where πX and πY are the projections from X×P1Y to X and Y respectively. It is well known
that Φ will be a Fourier-Mukai transform in this case, i.e., an equivalence of triangulated
categories (see Mukai [25]).
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3.2 Hochschild structures
We calculate here, for later use, the induced (co)homological Fourier-Mukai transforms. Ref-
erences for the following material are Ca˘lda˘raru [6, 7] and the revised version of the first arti-
cle with Willerton [8]. Associated to a complex manifold X is a graded ring HH•(X) known
as Hochschild cohomology and a graded HH•(X)-module, HH•(X), known as Hochschild
homology. The latter admits a non-degenerate pairing, the Mukai pairing
HH•(X)×HH•(X)→ C.
Although Hochschild (co)homology has nice functorial properties, for computations it is
easier to work with the harmonic structure of X , which consists of the graded ring
HT •(X) =
⊕
p+q=•
Hp(X,ΛqT )
of cohomology of polyvector fields, and the graded HT •(X)-module
HΩ•(X) =
⊕
q−p=•
Hp(X,Ωq).
Note the unconventional choice of grading of the latter. There is also a Mukai pairing on
HΩ•(X). The relation between the Hochschild structure and the harmonic structure is given
by the Hochschild-Kostant-Rosenberg (HKR) isomorphisms:
IHKR : HH•(X)
∼=
−→ HT •(X)
IHKR : HH•(X)
∼=
−→ HΩ•(X)
Note that these are isomorphisms of graded vector spaces. One difficulty is that they do
not preserve all of the algebraic structure (i.e., the ring and module structures), but this
can be corrected by twisting with the square root of the Todd polynomial. Thus we define
compositions:
IK : HH•(X)
IHKR
−→ HT •(X)
∧Td
−1/2
X−→ HT •(X)
IK : HH•(X)
IHKR−→ HΩ•(X)
∧Td
1/2
X−→ HΩ•(X)
We then have the following result, first conjectured by Ca˘lda˘raru [7].
Theorem 2 (Calaque, Rossi, and Van den Bergh [4]) The maps IK and IK inter-
twine the module structures, i.e., the following diagram commutes, where the vertical arrows
denote the respective actions:
HH•(X)×HH•(X)
IK×IK
//

HT •(X)×HΩ•(X)

HH•(X)
IK
// HΩ•(X)
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Remark Ca˘lda˘raru’s conjecture (now a theorem) is stronger than the above statement, as
it also asserts that IK preserves the ring structures and IK preserves the Mukai pairings,
but we will only need the above result. Moreover, we only need the result for K3 surfaces;
there are earlier proofs in this case (in fact, for all Ricci-flat manifolds) by Huybrechts and
Nieper-Wißkirchen [19] and also by Macr`ı, Nieper-Wißkirchen, and Stellari [23].
Let Φ : Db(X) → Db(Y ) be a Fourier-Mukai transform with kernel U ∈ Db(X × Y ).
Since Hochschild (co)homology is functorial, Φ induces isomorphisms:
φ : HH•(X)
∼=
−→ HH•(Y )
φ : HH•(X)
∼=
−→ HH•(Y )
Again, we would like to transfer these to isomorphisms of the harmonic structure. To begin,
we define an isomorphism φHT : HT
•(X)→ HT •(Y ) by φHT := I
K ◦ φ ◦ (IK)−1. In other
words, we define φHT so that the following diagram commutes:
HH•(X)
φ
//
IK

HH•(Y )
IK

HT •(X)
φHT
// HT •(Y )
When it comes to HΩ•, there is already a natural cohomological Fourier-Mukai transform
φHΩ : HΩ•(X) → HΩ•(Y )
α 7→ πY ∗(v(U) ∧ π
∗
Y α),
where
v(U) = ch(U) ∧ Td
1/2
X×Y ∈ HΩ0(X × Y )
is the Mukai vector of U . Fortunately, this is also compatible with the isomorphism of
Hochschild homology.
Lemma 3 The following diagram commutes:
HH•(X)
φ
//
IK

HH•(Y )
IK

HΩ•(X)
φHΩ
// HΩ•(Y )
Proof This was proved by Macr´ı and Stellari [24, Theorem 1.2], building on results of
Ramadoss [26]. 
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Assume now that X and Y are K3 surfaces, and denote by
σX ∈ HΩ2(X) = H
0(X,Ω2)
a holomorphic two-form on X , and by σY := φHΩ(σX) the corresponding two-form on Y .
There are also corresponding elements of Hochschild homologyHH2(X) and HH2(Y ), given
by I−1K (σX) and I
−1
K (σY ), respectively. By Lemma 3 we have
φ(I−1K (σX)) = I
−1
K (φHΩ(σX)) = I
−1
K (σY ).
The action of HH2(X) on I−1K (σX) ∈ HH2(X) induces an isomorphism
¬I−1K (σX) : HH
2(X) −→ HH0(X),
and likewise for Y . By functoriality, the following diagram commutes:
HH2(X)
φ
//
¬I−1K (σX)

HH2(Y )
¬I−1K (σY )

HH0(X)
φ
// HH0(Y )
Similarly, the action of HT 2(X) on σX ∈ HΩ2(X) induces an isomorphism
¬σX : HT
2(X) −→ HΩ0(X),
and likewise for Y . Putting everything together gives the next result.
Proposition 4 The following diagram commutes:
HT 2(X)
φHT
//
¬σX

HT 2(Y )
¬σY

HΩ0(X)
φHΩ
// HΩ0(Y )
Proof Consider the following diagram:
HT 2(X)
φHT
//
¬σX

HT 2(Y )
¬σY

HH2(X)
IK
99
r
r
r
r
r
r
r
r
r
r
φ
//
¬I−1K (σX )

HH2(Y )
IK
99
r
r
r
r
r
r
r
r
r
r
¬I−1K (σY )

HΩ0(X)
φHΩ
// HΩ0(Y )
HH0(X)
φ
//
IK
88
r
r
r
r
r
r
r
r
r
r
HH0(Y )
IK
99
r
r
r
r
r
r
r
r
r
r
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The left and right faces commute by Theorem 2. The top face commutes by the definition
of φHT . The bottom face commutes by Lemma 3. The front face commutes by functoriality
of Hochschild cohomology and homology, as mentioned above. It follows that the whole
diagram commutes; in particular, the back face commutes, which proves the proposition. 
Remark The point is that φHΩ can be calculated directly, and then the above diagram
can be used to determine φHT . We actually wish to determine the isomorphism
φT : HT
2(X) −→ HT 2(Y )
defined by Toda [28] as φT := I
HKR ◦ φ ◦ (IHKR)−1. This differs from φHT insofar as the
definition uses IHKR instead of IK ; therefore
φT = (∧Td
1/2
Y ) ◦ φHT ◦ (∧Td
−1/2
X ).
We return now to our pair of dual elliptic K3 surfaces, X → P1 and Y → P1. Denote by
1X and ηX the generators of H
0(X,Z) and H4(X,Z) respectively, and by [CX ] and [FX ] the
classes of the section and a fibre in H2(X,Z)∩H1,1(X). These can be regarded as elements
in
HΩ0(X) = H
0(X,Ω0)⊕H1(X,Ω1)⊕H2(X,Ω2).
Denote by 1Y , ηY , [CY ], and [FY ] the corresponding elements of HΩ0(Y ).
Lemma 5 The cohomological Fourier-Mukai transform
φHΩ : HΩ0(X)→ HΩ0(Y )
is given by
1X 7→ −[CY ]− [FY ]
ηX 7→ [FY ]
[CX ] 7→ 1Y + ηY
[FX ] 7→ −ηY .
Proof This is essentially Lemma 4.1 of Bartocci et al. [2] or Lemma 7.11 of Huybrechts [15],
but they use slightly different normalizations so we give a complete proof here. We use
Theorem 1.1 of Mukai [25], which says that if Φˆ : Db(Y ) → Db(X) is the Fourier-Mukai
transform with the same kernel L but in the opposite direction, then there are natural
isomorphisms
Φˆ ◦ Φ ∼= (−IdX)
∗[−1],
Φ ◦ Φˆ ∼= (−IdY )
∗[−1],
where −IdX is the map given by multiplication by −1 on the fibres (and similarly for Y )
and [−1] is the shift functor. Note that Mukai’s Theorem 1.1 is stated for the Fourier-Mukai
transforms with kernel P , and so it includes ⊗ω−1X/P1 on the right hand side of the first
isomorphism, where ωX/P1 ∼= π
∗
P1
O(2) is the relative dualizing sheaf ofX → P1 (and similarly
for the second isomorphism). These terms are eliminated by our choice of normalization.
Observe that Φ takes the skyscraper sheaf OFX∩CX supported at the point FX ∩CX to
the structure sheaf OFY of the corresponding fibre of Y → P
1. The above result of Mukai (or
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a direct observation) shows that Φ also takes the structure sheaf OFX of a fibre of X → P
1
to OFY ∩CY [−1], the shifted skyscraper sheaf supported at FY ∩ CY . Taking Mukai vectors
yields ηX 7→ [FY ] and [FX ] 7→ −ηY .
Next observe that Φ takes OX to OCY (−1)[−1] (cf. [2, Theorem 2.8(4)], noting the
different choice of normalization). Equivalently, by Mukai’s result, Φ takes OCX to OY (1).
Taking Mukai vectors yields 1X + ηX 7→ −[CY ] and [CX ] + ηX 7→ 1Y + [FY ] + ηY . The
lemma follows. 
Remark Note that φHΩ must be an isometry, i.e., it must preserve the Mukai pairing,
which is easily verified in this case.
Next we will calculate φHT . Write
HT 2(X) = H0(X,Λ2T )⊕H1(X,T )⊕H2(X,O),
with H0(X,Λ2T ) and H2(X,O) generated by σ−1X and σ¯X , respectively.
Lemma 6 The map
¬σX : HT
2(X) −→ HΩ0(X)
is given by
σ−1X 7→ 4.1X
σ¯X 7→ σX σ¯X
σ−1X [CX ] 7→ [CX ]
σ−1X [FX ] 7→ [FX ].
Proof The first line follows from the local calculation(
σij
∂
∂zi
∧
∂
∂zj
)
¬
(
σkldz
k ∧ dzl
)
= σijσkl
(
δki δ
l
j − δ
k
j δ
l
i
)
= 2σijσij = 4.
The second is vacuous.
Note that σX induces a bundle isomorphism T ∼= Ω
1, given by w 7→ σ(w,−), which
in turn induces an isomorphism H1(X,T ) ∼= H1(X,Ω1). Then we denote by σ−1X [CX ] and
σ−1X [FX ] the elements of H
1(X,T ) corresponding to [CX ] and [FX ] ∈ H
1(X,Ω1), respectively.
The third and fourth lines are then automatic by definition. 
Remark Since H0(X,Ω2) ∼= C, the holomorphic two-form σX is determined up to scale;
we will (partially) normalize by requiring
σX σ¯X = 4ηX .
In the presence of a hyperka¨hler structure, σX = ωJ + iωK and∫
X
σX σ¯X =
∫
X
ω2J + ω
2
K = 4
∫
X
ω2I
2
= 4vol(X),
so our choice of normalization corresponds to vol(X) = 1. Note that∫
Y
σY σ¯Y =
∫
X
σX σ¯X
because σY = φHΩ(σX) and φHΩ preserves the Mukai pairing, therefore we also have
σY σ¯Y = 4ηY .
9Lemma 7 The isomorphism
φHT : HT
2(X) −→ HT 2(Y )
is given by
1
4
σ−1X 7→ −σ
−1
Y [CY ]− σ
−1
Y [FY ]
1
4
σ¯X 7→ σ
−1
Y [FY ]
σ−1X [CX ] 7→
1
4
σ−1Y +
1
4
σ¯Y
σ−1X [FX ] 7→ −
1
4
σ¯Y .
Proof This follows from Proposition 4 and Lemmas 5 and 6. 
Lemma 8 The isomorphism
φT : HT
2(X) −→ HT 2(Y )
is given by
1
4
σ−1X 7→ −σ
−1
Y [CY ]− 2σ
−1
Y [FY ]
1
4
σ¯X 7→ σ
−1
Y [FY ]
σ−1X [CX ] 7→
1
4
σ−1Y +
2
4
σ¯Y
σ−1X [FX ] 7→ −
1
4
σ¯Y .
Proof Recall that
φT = (∧Td
1/2
Y ) ◦ φHT ◦ (∧Td
−1/2
X ).
So we simply compose φHT with Td
−1/2
X = 1X − ηX and Td
1/2
Y = 1Y + ηY to get the result.

4 The construction and basic properties
4.1 Generalized K3 surfaces
Generalized complex geometry was introduced by Hitchin [13], and subsequently developed
by Gualtieri [12]. Let M be a smooth manifold with tangent bundle T . A generalized
complex structure on M is an endomorphism J of T ⊕ T ∗ such that J 2 = −Id, J is
orthogonal with respect to the natural inner product on T ⊕ T ∗, and J satisfies a certain
integrability condition. Complex manifolds and symplectic manifolds both give examples of
10 4 THE CONSTRUCTION AND BASIC PROPERTIES
generalized complex manifolds: a complex structure I and a symplectic structure ω induce
generalized complex structures
JI :=
(
−I 0
0 I∗
)
and Jω :=
(
0 −ω−1
ω 0
)
respectively. A generalized complex structure is determined by a pure spinor line, which is
given locally by a section of ∧•T ∗ ⊗ C. The pure spinors for JI and Jω above are
dz1 ∧ . . . ∧ dzn ∈ Ω
n,0 and exp(iω) ∈ ∧evenT ∗ ⊗ C,
respectively.
Definition Let M be the underlying smooth 4-manifold of a K3 surface. In this article, by
a generalized K3 surface we shall mean M equipped with a generalized complex structure.
4.2 The first family
Let X be a (complex) K3 surface, and let α be a Ka¨hler class on X . By Yau’s Theorem
there exists a hyperka¨hler metric g on X whose Ka¨hler form ωI represents α. Let σX be a
holomorphic two-form on X , normalized so that
∫
X
σX σ¯X = 2
∫
X
ω2I = 4vol(X, g),
and write ωJ and ωK for the real and imaginary parts of σ.
We recall twistor families of K3 surfaces, following Section 3(F) of Hitchin et al. [14]. IfM
is the underlying 4-manifold of X , then there is a family of complex structures aI+bJ+cK,
parametrized by (a, b, c) ∈ S2, which are compatible with g, i.e., which make (M, g) into a
Ka¨hler manifold. Change to a single complex parameter ζ ∈ P1 = C ∪ {∞} and write the
complex structure as Iζ . Then Iζ is determined by the holomorphic two-form on (M, Iζ),
which up to scale is given by
σζ := σX + 2ζωI − ζ
2σ¯X .
Note that X = (M, I0), while I∞ = −I gives the conjugate complex surface X . The generic
K3 surface (M, Iζ) in this twistor family is non-algebraic.
Proof of Theorem 1(1) Consider our elliptic K3 surface X , with section C and fibre F .
If we define
α :=
1
t
[C] +
(
t2 + 1
t
)
[F ] ∈ H1,1(X) ∩ H2(X,R)
with t ∈ R, then
α.C =
1
t
C2 +
(
t2 + 1
t
)
F.C =
t2 − 1
t
, α.F =
1
t
C.F +
(
t2 + 1
t
)
F 2 =
1
t
,
and α2 =
1
t2
C2 + 2
(
t2 + 1
t2
)
C.F +
(
t2 + 1
t
)2
F 2 = 2.
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So α is a Ka¨hler class on X provided t > 1 (note that the Ne´ron-Severi group NS(X) is
generated by C and F because X is generic). As above, there exists a hyperka¨hler metric g
on X whose Ka¨hler form ωI represents α, and a corresponding twistor family (M, Iζ). We
regard this simply as a family of complex K3 surfaces; in other words, we ignore the metric
and Ka¨hler structures. Note that∫
X
σX σ¯X = 2
∫
X
ω2I = 2
∫
X
α2 = 4,
so our normalization of σX agrees with the one used in Section 3.
Finally, we define Iζ to be the generalized complex structure IIζ coming from Iζ . The first
family of generalized K3 surfaces, (M, Iζ), clearly satisfies the requirements of Theorem 1(1).

4.3 The second family
Let Y be a (complex) K3 surface, with complex structure I. Choose a holomorphic two-form
σ on Y (unique up to scale), and let ωJ and ωK be the real and imaginary parts of σ. Then
ωJ and ωK are symplectic forms on the underlying 4-manifold M . Gualtieri [12] showed
that we can interpolate between the generalized complex structure JI of complex type and
the generalized complex structure JωJ of symplectic type.
Lemma 9 Define
Jθ := (cos θ)JI + (sin θ)JωJ
= cos θ
(
−I 0
0 I∗
)
+ sin θ
(
0 −ω−1J
ωJ 0
)
for θ ∈ R. If θ is not an integer multiple of π, then Jθ is a B-field transform of J(csc θ)ωJ .
Consequently, Jθ is a generalized complex structure for all θ.
Proof This is essentially Proposition 3.31 of [12]. A direct calculation shows that J 2θ = −Id
and that
Jθ = e
−BJ(csc θ)ωJ e
B =
(
1 0
−B 1
)(
0 −((csc θ)ωJ )
−1
(csc θ)ωJ 0
)(
1 0
B 1
)
where B = −(cot θ)ωK . Since B-field transforms preserve integrability, Jθ is integrable if θ
is not an integer multiple of π. On the other hand, J2kpi = JI and J(2k+1)pi = −JI = J−I
are also integrable. 
We can replace ωJ by a combination (cosφ)ωJ+(sinφ)ωK , which corresponds to multiplying
the holomorphic two-form σ by e−iφ.
Definition Define
Jθ,φ := (cos θ)JI + (sin θ cosφ)JωJ + (sin θ sinφ)JωK .
By the above lemma, Jθ,φ is a generalized complex structure for all θ and φ ∈ R. Moreover,
θ and φ may be thought of as spherical coordinates on the sphere S2; changing to a single
complex parameter ζ ∈ P1 = C ∪ {∞} gives
Jζ =
(
1− |ζ|2
1 + |ζ|2
)
JI +
(
−2Imζ
1 + |ζ|2
)
JωJ +
(
2Reζ
1 + |ζ|2
)
JωK .
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Remark Straight-up stereographic projection of S2 onto the complex plane gives
(cos θ, sin θ cosφ, sin θ sinφ) =
(
1− |ζ|2
1 + |ζ|2
,
2Reζ
1 + |ζ|2
,
2Imζ
1 + |ζ|2
)
.
For our choice of complex parametrization we have also rotated by π/2 in the φ direction,
or equivalently, multiplied the complex parameter by i. This is mainly done to improve the
appearance of later formulae, but it can be justified by the fact that going from ζ = 0 to 1 now
represents a deformation from JI to JωK , which is the traditional hyperka¨hler rotation, i.e.,
a holomorphic Lagrangian fibration with respect to I becomes a special Lagrangian fibration
with respect to ωK .
Lemma 10 The pure spinor defining Jζ is given by
σ + 2ζ
(
1−
1
4
σσ¯
)
− ζ2σ¯.
In particular, the family of generalized complex structures Jζ depends holomorphically on
ζ ∈ P1.
Proof For θ not an integer multiple of π, Jθ,φ is a B-field transform of the generalized
complex structure coming from the symplectic structure ω = csc θ((cosφ)ωJ + (sinφ)ωK),
where B = cot θ((sin φ)ωJ − (cosφ)ωK). The relations between spherical coordinates (θ, φ)
and the complex coordinate ζ give
cos θ =
1− |ζ|2
1 + |ζ|2
and sin θ =
2|ζ|
1 + |ζ|2
.
We can therefore write
B =
1− |ζ|2
2|ζ|
Im(−e−iφσ) =
1− |ζ|2
2|ζ|2
Re(ζ¯σ),
ω =
1 + |ζ|2
2|ζ|
Re(e−iφσ) =
1 + |ζ|2
2|ζ|2
Im(ζ¯σ),
and
B + iω =
1− |ζ|2
2|ζ|2
Re(ζ¯σ) + i
1 + |ζ|2
2|ζ|2
Im(ζ¯σ)
=
1
2|ζ|2
(Re(ζ¯σ) + iIm(ζ¯σ))−
1
2
(Re(ζ¯σ)− iIm(ζ¯σ))
=
σ
2ζ
−
ζσ¯
2
.
The corresponding pure spinor is thus
eBeiω = exp
(
σ
2ζ
−
ζσ¯
2
)
= 1 +
(
σ
2ζ
−
ζσ¯
2
)
−
1
4
σσ¯.
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Since the pure spinor is only defined up to scale, we can multiply by 2ζ to yield the desired
result. Notice that the formula also gives the correct pure spinors, σ and σ¯ for JI and J−I
respectively, when θ is a multiple of π, i.e., when ζ = 0 or ∞. 
These arguments apply to any K3 surface. Notice that we did not specify a Ka¨her form
or metric; the construction of this family depends only on the complex structure and choice
of a holomorphic two-form on Y .
Proof of Theorem 1(2) Consider the Jacobian Y of the elliptic K3 surface X introduced
earlier. As we saw in Section 3, the Fourier-Mukai transform
σY := φHΩ(σX)
of the holomorphic two-form on X gives a holomorphic two-form on Y , normalized so that
∫
Y
σY σ¯Y = 4.
However, we will rescale and use σ = tσY instead. Thus we define Jζ to be the family of gen-
eralized complex structure associated to Y and tσY as described above. The second family
of generalized K3 surfaces, (M,Jζ), then satisfies the required properties of Theorem 1(2):
• J0 = JI is a complex structure, and (M,J0) is the original K3 surface Y = (M, I),
• J∞ = J−I is also a complex structure, and (M,J∞) is the conjugate complex surface
Y = (M,−I),
• when ζ = ei(φ−pi/2), i.e., when |ζ| = 1, Jei(φ−pi/2) = J(cosφ)ωJ+(sinφ)ωK is a symplectic
structure,
• for all other values of ζ, Jζ is a B-field transform of a symplectic structure.

Remark Note that we now have
B + iω =
tσY
2ζ
−
ζtσ¯Y
2
and the pure spinor is
tσY + 2ζ
(
1−
1
4
t2σY σ¯Y
)
− ζ2tσ¯Y ,
which we can again rescale to
σY + 2ζ
(
1
t
−
1
4
tσY σ¯Y
)
− ζ2σ¯Y .
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5 Deformation theory
5.1 Deformations of generalized complex manifolds
Gualtieri [12] developed the deformation theory of generalized complex manifolds. Let
(M,J ) be a generalized complex manifold and denote by L the +i-eigenspace of J in
(T ⊕ T ∗)⊗ C. Then L is a Lie algebroid and there exists an elliptic differential complex
(C∞(Λ•L∗), dL).
The first order deformations of the generalized complex structure are parametrized by the
degree two cohomology H2(M,L); obstructions to deforming lie in H3(M,L). If we regard
a complex manifold X = (M, I) as a generalized complex manifold, with J = JI , then L is
T 0,1 ⊕ Ω1,0, L∗ is Ω0,1 ⊕ T 1,0, dL is ∂¯, and H
2(M,L) is
HT 2(X) := H0(X,Λ2T )⊕H1(X,T )⊕H2(X,O).
In Section 4 we introduced two families of generalized K3 surfaces, (M, Iζ) and (M,Jζ),
which are complex surfacesX = (M, I0) and Y = (M,J0) when ζ = 0. In this section we will
determine the directions of these deformations at ζ = 0, i.e., we will calculate their classes in
HT 2(X) and HT 2(Y ). The obstructions must vanish since these deformations come from
actual families; in any case, HT 3(X) vanishes for K3 surfaces. More generally, Goto [9]
has proved the unobstructedness of deformations of Calabi-Yau manifolds as generalized
complex manifolds.
Lemma 11 The family (M, Iζ) is a deformation of X = (M, I0) in the direction
−
2
t
σ−1X [CX ]−
2(t2 + 1)
t
σ−1X [FX ] ∈ H
1(X,T ) ⊂ HT 2(X).
Proof Recall that (M, Iζ) is a family of complex K3 surfaces. We denote the complex
structures by Iζ and write Xζ := (M, Iζ). Up to scale, the holomorphic two-form on Xζ is
given by
σζ = σX + 2ζωI − ζ
2σ¯X ,
where the Ka¨hler form ωI represents the class α =
1
t [CX ] +
(
t2+1
t
)
[FX ].
Let Z ∈ T ⊗C and write Z = Z1,0+Z0,1 for the decomposition with respect to I0. Then
Z is of type (0, 1) with respect to Iζ if and only if σζ(Z,−) = 0, because σζ is a (2, 0)-form
on Xζ . In particular, the (1, 0)-component of the one-form σζ(Z,−) must vanish, and this
is given by
σX(Z
1,0,−) + 2ζωI(Z
0,1,−).
Therefore
Z1,0 = −2ζσ−1X (ωI(Z
0,1,−)),
and we see that to first order in ζ the vectors of type (0, 1) on Xζ lie on the graph of the
map T 0,1 → T 1,0 given by the element
−2ζσ−1X ωI ∈ Ω
0,1 ⊗ T 1,0.
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This means that we are deforming in the direction
−2σ−1X [ωI ] = −
2
t
σ−1X [CX ]−
2(t2 + 1)
t
σ−1X [FX ] ∈ H
0,1
∂¯
(X,T ).

Remark It is usually stated that a twistor family is a deformation in the direction σ−1X [ωI ],
but this would correspond to the family of holomorphic two-forms
σX − ζωI −
ζ2
4
σ¯X .
Of course, this just comes from a different parametrization of P1.
Lemma 12 The family (M,Jζ) is a deformation of Y = (M,J0) in the direction
1
2
(
−
1
t
σ−1Y + tσ¯Y
)
∈ H0(Y,Λ2T )⊕H2(Y,O) ⊂ HT 2(Y ).
Proof Recall that the family of generalized complex structures is given by
Jζ :=
(
1− |ζ|2
1 + |ζ|2
)
JI +
(
−2Imζ
1 + |ζ|2
)
JωJ +
(
2Reζ
1 + |ζ|2
)
JωK .
Let Z + ξ ∈ (T ⊕ T ∗)⊗ C and write
Z + ξ = Z1,0 + Z0,1 + ξ1,0 + ξ0,1
for the decomposition with respect to the complex structure I on M . A direct calculation
shows that Z + ξ lies in the +i-eigenspace Lζ of Jζ if and only if
(1− |ζ|2)(−iZ1,0) + (−2Imζ)(−ω−1J ξ
1,0) + (2Reζ)(−ω−1K ξ
1,0) = (1 + |ζ|2)(+i)Z1,0,
(1− |ζ|2)(+iZ0,1) + (−2Imζ)(−ω−1J ξ
0,1) + (2Reζ)(−ω−1K ξ
0,1) = (1 + |ζ|2)(+i)Z0,1,
(1 − |ζ|2)(+iξ1,0) + (−2Imζ)(ωJZ
1,0) + (2Reζ)(ωKZ
1,0) = (1 + |ζ|2)(+i)ξ1,0,
(1 − |ζ|2)(−iξ0,1) + (−2Imζ)(ωJZ
0,1) + (2Reζ)(ωKZ
0,1) = (1 + |ζ|2)(+i)ξ0,1.
The second and third equations are equivalent to the fourth and first equations respectively,
which simplify to
ξ0,1 = iImζ(ωJZ
0,1)− iReζ(ωKZ
0,1),
Z1,0 = −iImζ(ω−1J ξ
1,0) + iReζ(ω−1K ξ
1,0).
Substituting ωJ = (σ + σ¯)/2 and ωK = (σ − σ¯)/2i, where σ = tσY , and using the fact that
σZ0,1 = 0 because σ is of type (2, 0), yields
ξ0,1 =
ζ
2
σ¯Z0,1
and similarly
Z1,0 = −
ζ
2
σ−1ξ1,0.
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This shows that Lζ is the graph of the map
T 0,1 ⊕ Ω1,0 → Ω0,1 ⊕ T 1,0
given by the element
ζ
2
(−σ−1 + σ¯) =
ζ
2
(
−
1
t
σ−1Y + tσ¯Y
)
∈ Λ2T 1,0 ⊕ Ω0,2 ⊂ Λ2(Ω0,1 ⊕ T 1,0).
The result now follows from the theory of deformations of generalized complex structures
(see Gualtieri [12]). 
Remark We can also observe that the pure spinor defining the generalized complex struc-
ture Jζ is given by
σY + 2ζ
(
1
t
−
1
4
tσY σ¯Y
)
− ζ2σ¯Y .
Applying the inverse of the isomorphism of Lemma 6 to the first order part in ζ yields
1
2
(
1
tσ
−1
Y − tσ¯Y
)
. The direction of the deformation is then given by minus this class, as in
Lemma 11.
We finish this section with some discussion of Poisson deformations and B-field trans-
forms of generalized complex manifolds. Suppose we are given a first order deformation,
represented by
u1 ∈ C
∞
(
Λ2T 1,0 ⊕ (Ω0,1 ⊗ T 1,0)⊕ Ω0,2
)
.
To extend it to higher orders we must find a power series
u(ζ) = u1ζ + u2ζ
2 + u3ζ
3 + . . .
which satisfies the Maurer-Cartan equation
∂¯u(ζ) +
1
2
[u(ζ), u(ζ)] = 0,
where [−,−] is the Schouten bracket. If
u1 ∈ C
∞(Λ2T 1,0)
then the Maurer-Cartan equation decouples: the linear term and C∞(Λ3T 1,0) part of the
quadratic term give
∂¯u1 = 0 and [u1, u1] = 0,
respectively. The first equation means that u1 is a holomorphic section of Λ
2T 1,0 while
the second means that u1 is a Poisson structure. If u1 satisfies these equations no higher
order terms are needed, and convergence of u(ζ) = u1ζ is clearly automatic; we call this a
holomorphic Poisson deformation (see Section 5.3 of Gualtieri [12]).
For a K3 surface, σ−1Y is a Poisson structure, with [σ
−1
Y , σ
−1
Y ] = 0 following from dσY = 0.
Moreover, σ−1Y is everywhere of rank two. The Poisson deformation will therefore produce
a generalized complex manifold which is everywhere of type 0, meaning that it is a B-field
transform of a symplectic manifold.
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The Maurer-Cartan equation also decouples when
u1 ∈ C
∞(Ω0,2).
Moreover, we always have [u1, u1] = 0, and for a K3 surface ∂¯u1 = 0 is automatic for degree
reasons. Thus u(ζ) = u1ζ trivially satisfies the Maurer-Cartan equation and again no higher
order terms are needed. This is known as a B-field transform, and we can explicitly write
down the resulting B-field transform of the generalized complex structure J .
By Lemma 12 the deformation (M,Jζ) of Y is in the direction
1
2
(
−
1
t
σ−1Y + tσ¯Y
)
.
Choosing the right combination of Poisson deformation and B-field transform produces a
family (M,Jζ) that takes Y to symplectic K3 surfaces, which is rather special behaviour.
The moduli space of generalized K3 surfaces has complex dimension 22. The B-field trans-
forms of symplectic K3 surfaces form a dense subset, but the moduli space of genuine
symplectic K3 surfaces has real dimension 22; therefore we would not expect an arbitrary
one-parameter family to contain any symplectic K3 surfaces at all.
5.2 Deformations of categories and FM transforms
We begin this section by reviewing Toda’s work [28]. Let X be a smooth projective variety
over C, and let Coh(X) be the category of coherent sheaves on X . First order deformations
of Coh(X) as a C-linear abelian category are parametrized by the degree two Hochschild
cohomology HH2(X), which as we saw can be identified with HT 2(X) using IHKR. Toda
described these deformations explicitly: given an element
u ∈ HT 2(X) := H0(X,∧2T )⊕H1(X,T )⊕H2(X,OX)
he constructed a C[ǫ]/(ǫ2)-linear abelian category Coh(X,u). If u lies in H1(X,T ) then
Coh(X,u) arises from deforming X as a complex manifold; if u lies in H0(X,∧2T ) then
we get a “non-commutative” deformation; and if u lies in H2(X,OX) then we are led to a
“gerby” deformation, consisting of twisted sheaves.
Toda also considered the behaviour of a Fourier-Mukai equivalence Φ : Db(X)→ Db(Y )
under these deformations. As we have seen, Φ induces an isomorphism of Hochschild coho-
mology groups φ : HH2(X)→ HH2(Y ). By composing this with the Hochschild-Kostant-
Rosenberg isomorphism IHKR, Toda defined an isomorphism φT : HT
2(X) → HT 2(Y )
(just as in Section 3.2). In this way, any element u ∈ HT 2(X) corresponds to an element
v := φT (u) ∈ HT
2(Y ), and we can consider the corresponding deformations Coh(X,u) and
Coh(Y, v), or rather their derived categories Db(X,u) and Db(Y, v). Toda’s main result is
the existence of an equivalence
Φ† : Db(X,u)→ Db(Y, v)
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extending Φ, in the sense that there is a commutative diagram
Db(X)
i∗
//
Φ

Db(X,u)
Li∗
//
Φ†

D−(X)
Φ−

Db(Y )
i∗
// Db(Y, v)
Li∗
// D−(Y ).
One interesting aspect is that φT need not preserve the summands of HT
2.
Example Let X and Y be dual complex tori, and Φ the Fourier-Mukai transform given by
the Poincare´ line bundle. Then φT maps H
1(X,T ) to H1(Y, T ), because when we deform X
as a complex manifold it remains a complex torus, whose dual is the corresponding defor-
mation of Y . On the other hand, Toda showed that φT maps H
0(X,Λ2T ) to H2(Y,OY ) and
maps H2(X,OX) to H
0(Y,Λ2T ), meaning that non-commutative deformations of Coh(X)
correspond to gerby deformations of Coh(Y ), and vice versa. The resulting equivalence Φ†
was extended to infinite order deformations by Ben-Bassat, Block, and Pantev [3].
Proof of Theorem 1(3) By Lemma 11 the family (M, Iζ) is a deformation of X in the
direction
ut = −
2
t
σ−1X [CX ]−
2(t2 + 1)
t
σ−1X [FX ],
while by Lemma 12 the family (M,Jζ) is a deformation of Y in the direction
vt =
1
2
(
−
1
t
σ−1Y + tσ¯Y
)
.
The Fourier-Mukai transform Φ : Db(X)→ Db(Y ) induces an isomorphism φT : HT
2(X)→
HT 2(Y ), which by Lemma 8 takes ut to
φT (ut) = −
2
t
(
1
4
σ−1Y +
2
4
σ¯Y
)
−
2(t2 + 1)
t
(
−
1
4
σ¯Y
)
=
1
2
(
−
1
t
σ−1Y +
t2 − 1
t
σ¯Y
)
= vt −
1
2t
σ¯Y .
We have proved that ut corresponds to vt up to the B-field correction
−
1
2t
σ¯Y ∈ H
2(Y,O).
Moreover, the correction vanishes in the limit t→∞, establishing Theorem 1(3). 
Remark If we use φHT instead of φT , then by Lemma 7 we get an exact correspondence
between ut and vt, i.e., vt = φHT (ut) for all t ∈ (1,∞). Equivalently, φHΩ takes the class
[σζ ] = [σX ] + 2ζ
(
1
t
[CX ] +
t2 + 1
t
[FX ]
)
− ζ2[σ¯X ]
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of the pure spinor of (M, Iζ) to the class
[σY ] + 2ζ
(
1
t
1Y −
1
4
t[σY σ¯Y ]
)
− ζ2[σ¯Y ]
of the pure spinor of (M,Jζ). We don’t know what this signifies; it is possible that φHT
is the correct correspondence to use when considering deformations of generalized complex
manifolds, as opposed to deformations of categories. This issue does not arise in the earlier
example of dual complex tori, since the Todd class is trivial and φT = φHT in that case.
Corollary 13 By Toda’s results we obtain an equivalence of triangulated categories
Φ† : Db(X,ut)→ D
b
(
Y, vt −
1
2t
σ¯Y
)
which extends Φ : Db(X)→ Db(Y ).
Remark An immediate question is whether the Fourier-Mukai transform Φ extends to
higher orders, to infinite order (i.e., to categories over a formal neighbourhood of the point
0 in P1 as in [3]), or globally (i.e., to categories over P1). We will return to this question in
Section 6.2.
5.3 Limiting behaviour
We are mainly interested in the limit t→∞, but let us first consider the limit t→ 1+.
Proposition 14 When t = 1, the class α = [CX ]+2[FX ] on X is semi-Ka¨hler, by which we
mean positive semi-definite. Nonetheless, we can still construct a twistor family of complex
K3 surfaces Xζ , whose corresponding holomorphic two-forms are given by
σζ = σX + 2ζωI − ζ
2σ¯X ,
where the semi-Ka¨hler form ωI represents the class α. As before, this is a deformation of
X in the direction
u1 = −2σ
−1
X [CX ]− 4σ
−1
X [FX ].
Proof This class α is the limit of Ka¨hler classes for t > 1, but α.CX = 0, so it must be on
the wall of the Ka¨hler cone. If we blow down the (−2)-curve CX , we get an orbifold X˜ with
a single A1 singularity, admitting a Ka¨hler class α˜. We can apply the orbifold version of
Yau’s Theorem, which was proved by Kobayashi and Todorov [21], building on unpublished
ideas of Yau. (Note that the term “generalized K3 surface” means something quite different
in [21]: it is used to denote a compact complex surface with at worst simple singular points
whose minimal resolutions is a K3 surface.) This gives a Ricci-flat Ka¨hler orbifold metric
g˜ on X˜ whose Ka¨hler form ω˜I represents α˜. The standard argument shows that g˜ is a
hyperka¨hler orbifold metric. Pulling back by X → X˜ gives the required (singular) metric g
on X . The twistor family is then constructed in the usual way. 
Remark For generic ζ, Xζ will be a non-algebraic K3 surface. Nevertheless, it comes from
blowing up an orbifold, so it will always contain a complex curve, namely the exceptional
divisor CX .
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The corresponding deformation of Y is in the direction
φT (u1) = −
1
2
σ−1Y ,
which gives a Poisson deformation. As discussed earlier, this deformation takes Y to B-field
transforms of symplectic K3 surfaces. It does not take Y to a genuine symplectic K3 surface.
Next consider the limit t → ∞. First note that the volume of a fibre of X → P1 is
α.F = 1t , so t→∞ is the large complex structure limit where the fibres collapse (see Gross
and Wilson [11]). We have
lim
t→∞
ut = lim
t→∞
−
2
t
σ−1X [CX ]−
2(t2 + 1)
t
σ−1X [FX ]
= lim
t→∞
−2tσ−1X [FX ]
and
lim
t→∞
φT (ut) = lim
t→∞
vt −
1
2t
σ¯Y
= lim
t→∞
vt
= lim
t→∞
1
2
(
−
1
t
σ−1Y + tσ¯Y
)
= lim
t→∞
t
2
σ¯Y .
After renormalizing, it is clear that we should consider the deformation X in the direction
−2σ−1X [FX ] and the corresponding deformation of Y in the direction
1
2 σ¯Y . In fact, in these
directions we obtain global deformations of not only the generalized complex manifolds, but
also of the categories and Fourier-Mukai transform, as we now explain.
Theorem 15 The corresponding directions
u∞ := −2σ
−1
X [FX ] ∈ H
1(X,T ) and v∞ := φT (u∞) =
1
2
σ¯Y ∈ H
2(Y,O)
produce one-parameter families of deformations of X and Y , respectively, as generalized
complex manifolds. The Fourier-Mukai transform Φ : Db(X)→ Db(Y ) extends to a Fourier-
Mukai transform between corresponding members of these families.
Proof We begin with Y . As explained earlier, when we deform Y in the direction v∞ =
1
2 σ¯Y ,
the resulting generalized K3 surface is a B-field transform of Y . When it comes to the derived
category Db(Y ), we “integrate” the first order deformation by exponentiating v∞ζ =
1
2 σ¯Y ζ
according to the map
H2(Y,O)
exp
−→ H2(Y,O∗)
to give a holomorphic gerbe βζ := exp(
1
2 σ¯Y ζ) on Y . The resulting category is the derived
category
Db(Y, β−1ζ ) := D
b(Coh(Y, β−1ζ ))
of β−1ζ -twisted sheaves on Y (as defined by Ca˘lda˘raru [5]). Note that Toda’s convention for
deforming Db(Y ) includes a sign change for the B-field, which is why the category involves
β−1ζ rather than βζ .
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The corresponding deformation of X is a deformation as a complex manifold. By the
Torelli theorem it suffices to describe the family of periods, given by the classes of the
holomorphic two-forms. To first order in ζ these must look like [σX ] + 2ζ[FX ]. In fact, no
higher order terms are required since
([σX ] + 2ζ[FX ])
2 = [σX ]
2 + 4ζ[σ][FX ] + 4ζ
2[FX ]
2 = 0.
We can also describe the deformations of X more geometrically. First note that the class
[FX ] of a fibre is the pull-back of the generator ηP1 of H
2(P1,Z) under the map π : X → P1.
Thinking of ηP1 as a class in H
1(P1,Ω1
P1
), we can write
[FX ] = π
∗ηP1 ∈ π
∗H1(P1,Ω1
P1
) ⊂ H1(X, π∗Ω1
P1
) ⊂ H1(X,Ω1X).
The isomorphism TX ∼= Ω1X induced by σX takes TX/P1 to π
∗Ω1
P1
, where TX/P1 is the
fibrewise tangent bundle, because π : X → P1 is a Lagrangian fibration. Therefore
u∞ = −2σ
−1
X [FX ] ∈ H
1(X,TX/P1).
This means that u∞ can be represented by a 1-cocyle that on each Xij := π
−1(Ui ∩ Uj),
where {Ui} is an open cover of P
1, is given by a vector field in the fibre direction. Moreover,
these local vector field are constant in the fibre directions, since the class is pulled back from
P1 (note that the open cover {Ui} can be chosen so that no singular fibres lie inside the
overlapsXij). Geometrically, this deformation produces a kind of torsor over X : integrating
the local vector fields produces translations in the fibre directions, and the resulting spaces
Xζ are obtained by taking the open sets Xi := π
−1(Ui) and gluing them on the overlaps Xij
according to these translations. The deformation of Db(X) is of course given by Db(Xζ).
Next we describe the equivalence of derived categories, which is an example of Ca˘lda˘raru’s
twisted Fourier-Mukai transforms [5]. Since Xζ is a torsor over X , it has the same relative
Jacobian (or dual fibration) as X , namely the elliptic surface Y . However, for general ζ the
fibration Xζ → P
1 does not admit a section, and consequently there is no relative Poincare´
sheaf on Xζ ×P1 Y . The existence of such a universal sheaf is obstructed by a holomorphic
gerbe on Y , and this is precisely the gerbe β−1ζ from above. Instead, there is a π
∗
2β
−1
ζ -twisted
universal sheaf on Xζ ×P1 Y , where π2 : Xζ ×P1 Y → Y is projection onto the second factor,
and this leads to a twisted Fourier-Mukai transform
Φζ : D
b(Xζ)→ D
b(Y, β−1ζ ).
Finally, one can use the above equivalence to show that the one-parameter families of
deformations of X and Y are in corresponding directions for all ζ, not just at ζ = 0. The
derived equivalence induces an isomorphism
φζT : HT
2(Xζ)→ HT
2(Y, β−1ζ ),
where on the right we consider a β−1ζ -twisted version of HT
2(Y ) (cf. Huybrechts and Stel-
lari [20]). Because Xζ is only changing as a torsor over X , the deformation of Xζ is in the
direction
−2σ−1Xζ [Fζ ] ∈ H
1(Xζ , T ) ⊂ HT
2(Xζ)
for all ζ, where we use [Fζ ] to denote the class of a fibre of Xζ → P
1. On Y , only the gerbe
changes, so the deformation of (Y, β−1ζ ) is in the direction
1
2
σ¯Y ∈ H
2(Y,O) ∼= H2(Y,O, β−1ζ ) ⊂ HT
2(Y, β−1ζ )
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for all ζ. One can check that these elements, −2σ−1Xζ [Fζ ] and
1
2 σ¯Y , correspond under the
isomorphism φζT . 
Remark The one-parameter families of the above theorem are families parametrized by
C, not by P1. In the case of X , the class of the holomorphic two-form [σX ] + 2ζ[FX ] tends
to [FX ] (up to scale) as ζ → ∞. Since [Fx][F¯X ] = [FX ]
2 = 0 is not positive, [FX ] cannot
be the period of a complex K3 surface (really, we are approaching the boundary of the
moduli space). Similarly, we know of no way to interpret the limit as ζ → ∞ of the gerby
deformation of Y .
Remark The (analytic) Brauer group H2(Y,O∗) parametrizes torsors over the dual fibration
X , as we can reconstructXζ fromX ∼= Y and β
−1
ζ ∈ H
2(Y,O∗). To understand the structure
of the Brauer group, consider the long exact sequence
. . .→ H2(Y,Z)
ι
−→ H2(Y,O)
exp
−→ H2(Y,O∗)→ H3(Y,Z)→ . . .
coming from the exponential sequence. For K3 surfaces H3(Y,Z) is trivial and H2(Y,O) ∼= C;
therefore
H2(Y,O∗) ∼= H2(Y,O)/image(ι)
is connected and one-dimensional. A generic elliptic K3 surface which admits a section will
have Picard number ρ = 2, and therefore the image of ι will have rank 22 − ρ = 20. This
means H2(Y,O∗) will be non-Hausdorff.
6 Mirror symmetry
6.1 Differential-geometric
Gross [10] established a differential-geometric version of mirror symmetry for K3 surfaces;
we will follow the description in Section 1 of Gross and Wilson [11] (cf. also Proposition 6.8
of Huybrechts [15], which is based on work of Aspinwall and Morrison [1]). Fix a sublattice
of H2(X,Z) isomorphic to the hyperbolic plane, with generators [F ] and [C] satisfying
[F ]2 = 0, [C]2 = −2, and [F ].[C] = 1
(in our case these are the classes of the fibre and section of X → P1, respectively). Then
mirror symmetry is an involution acting on triples (X, [B + iω], [σ]), where X is a marked
K3 surface, [B + iω] is a complexified Ka¨hler class, and [σ] is the class of a holomorphic
two-form on X . The Ka¨hler class [ω] should vanish on F , the class [B] of the B-field should
lie in [F ]⊥/[F ]⊗ R, and σ should be normalized so that [Imσ] vanishes on F and
[ω]2 = [Reσ]2 = [Imσ]2.
The mirror triple (Xˇ, [Bˇ + iωˇ], [σˇ]) then satisfies
[σˇ] ≡ ([F ].[Reσ])−1([C] + [B + iω]) mod[F ],
[Bˇ] ≡ ([F ].[Reσ])−1[Reσ]− [C] mod[F ],
[ωˇ] ≡ ([F ].[Reσ])−1[Imσ] mod[F ],
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and is uniquely determined by the normalizations
[Reσˇ]2 = [Imσˇ]2 = [ωˇ]2
and
[ωˇ].[Reσˇ] = [ωˇ].[Imσˇ] = [Reσˇ].[Imσˇ] = 0.
Note that both X and Xˇ are complex K3 surfaces equipped with complexified Ka¨hler classes,
but one can simply ignore some of the data, namely [B + iω] and [σˇ], to obtain the more
traditional mirror symmetry relation between a complex K3 surface X and its mirror sym-
plectic K3 surface Xˇ (with B-field). This is the version we will use. Note that the above
equations can then be summarized by
[Bˇ + iωˇ] ≡ ([F ].[Reσ])−1[σ]− [C] mod[F ].
Proof of Theorem 1(4) Assume that ζ 6= 0 or ∞. Recall that (M, Iζ) is a complex K3
surface, with holomorphic two-form σζ given by
σX + 2ζωI − ζ
2σ¯X
up to scale, where ωI represents the class α =
1
t [C] +
(
t2+1
t
)
[F ]. Since the normalization
requires [Imσζ ] to vanish on F , or equivalently, that [σζ ].[F ] be real, we define
σζ :=
1
2ζ
(σX + 2ζωI − ζ
2σ¯X)
=
σX
2ζ
+ ωI −
ζσ¯X
2
.
Then
[σζ ].[F ] = [ωI ].[F ] = α.[F ] =
1
t
and according to the above relations, the mirror (Mˇ, [Bˇ + iωˇ],−) to (M,−, [σζ ]) should
satisfy
[Bˇ + iωˇ] ≡ ([F ].[Reσζ ])
−1[σζ ]− [C] mod[F ]
≡ t
(
[σX ]
2ζ
+
1
t
[C] +
(
t2 + 1
t
)
[F ]−
ζ[σ¯X ]
2
)
− [C] mod[F ]
≡
t[σX ]
2ζ
−
ζt[σ¯X ]
2
mod[F ].
By the remark at the end of Section 4, this is exactly the class of the complexified Ka¨hler
form on the symplectic K3 surface with B-field (M,Jζ). We have shown that (M, Iζ) =
(M,−, [σζ ]) and (M,Jζ) = (Mˇ, [Bˇ + iωˇ],−) are mirror K3 surfaces for ζ 6= 0 and ∞, in the
sense of Gross. This establishes Theorem 1(4), and completes the proof of the theorem. 
6.2 Homological Mirror Symmetry
We have shown that the complex K3 surface (M, Iζ) and the symplectic K3 surface with
B-field (M,Jζ) are mirror partners in the sense of Gross [10] for ζ 6= 0 and ∞. The
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Homological Mirror Symmetry (HMS) conjecture of Kontsevich [22] asserts that the derived
category of coherent sheaves on a complex manifold should be equivalent to the derived
Fukaya category of the mirror symplectic manifold. In principle HMS is the strongest version
of mirror symmetry, though it is not clear how to deduce from it other versions of mirror
symmetry. HMS has been proved for quartic K3 surfaces by Seidel [27], but is currently an
open conjecture for other K3 surfaces such as elliptic K3s. Theorem 1 suggests exploring
HMS by trying to extend the Fourier-Mukai transform
Φ : Db(X)→ Db(Y )
to some kind of equivalence for the families of generalized K3 surfaces (M, Iζ) and (M,Jζ).
Since Xζ = (M, Iζ) is a family of complex K3 surfaces, it is fairly clear that the appropriate
deformation of Db(X) should just be the derived category Db(Xζ) of coherent sheaves on
Xζ .
Question What is the appropriate deformation of Db(Y ) associated to the family of gen-
eralized K3 surfaces (M,Jζ)? Does the derived category D
b(Y ) of coherent sheaves on the
complex K3 surface Y = (M,J0) deform to the derived Fukaya category of the symplectic
K3 surface with B-field (M,Jζ) when ζ 6= 0?
For generic ζ, the derived category Db(Xζ) is relatively simple. In some sense, the
complexity of a derived category can be measured by the number of spherical objects it
contains. In [16], Huybrechts et al. studied derived categories of K3 surfaces and twisted K3
surfaces which contain at most one spherical object (up to shifts). A generic K3 surface Xζ
in a twistor family will be non-projective, and in fact will contain no complex curves, and
so OXζ and its shifts will be the only spherical objects in D
b(Xζ). The limiting case t = 1
is an exception, as then Xζ always contains the (−2)-curve CX ; but this is a twistor family
associated to a singular metric.
For the mirror manifold (M,Jζ), the symplectic form
ω = csc θ((cosφ)ωJ + (sinφ)ωK)
and the B-field
B = cot θ((sinφ)ωJ − (cosφ)ωK)
both vanish on the curve CY ∼= S
2, which therefore yields a spherical object in the Fukaya
category of (M,Jζ). HMS should take OXζ to CY , or more generally, to a line bundle
supported on CY up to a shift (cf. the proof of Lemma 5). Already we can start to surmise
some correspondence between spherical objects.
Huybrechts, Marc`ı, and Stellari [17, 18] also extended Toda’s first order deformation
theory for derived categories of K3 surfaces to infinite order, i.e., formal deformations.
Question In Corollary 13 we described a first order deformation
Φ† : Db(X,ut)→ D
b
(
Y, vt −
1
2t
σ¯Y
)
of the Fourier-Mukai transform
Φ : Db(X)→ Db(Y ).
What is the significance of the B-field correction 12t σ¯Y ? Does Φ
† extend to infinite order?
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More generally, one could try to associate to an arbitrary generalized complex manifold
some analogue of the derived category of coherent sheaves, and then develop generalized
Fourier-Mukai transforms. Presumably the category should be built from generalized com-
plex branes, which are described by Gualtieri [12]. These include holomorphic bundles and
Lagrangian submanifolds with flat bundles when the generalized complex manifold is of
complex or symplectic type, respectively, and so there is some hope of building a category
from generalized complex branes that would specialize to the derived category of coherent
sheaves or to the derived Fukaya category in these two cases.
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